The behavior of single-surface nuclear wavefunctions in the vicinity of the conical intersection at the equilateral triangle conformations of homonuclear triatomic systems is examined analytically by using spherical coordinates which are obtained from the usual D normal mode ones. They are described by a set of three quantum numbers and shown to approach zero 3h at the conical intersection, irrespective of whether the so-called geometric phase effects are taken into consideration. q
Introduction
In recent years, there has been considerable interest in molecular vibronic dynamics which requires the consideration of two or more Born-Oppenheimer Ž .
Ž . w x BO potential energy surfaces PES 1-4 . In particular, recent interest has focused on the so-called conical intersections. The simplest systems exhibiting such an intersection are those formed by three 2 w x w x identical S atoms, i.e., H 5,6 , Li 7-9 , Na 3 3 3 w x 10 , etcetera. For these systems, symmetry considerations force the conical intersection to occur at D 3 h geometries; the behavior of the corresponding BO energies and the derivative coupling has been examw x ined by Mead and co-workers 2,4 . In particular, w x Mead 2 has proved that single-surface nuclear wavefunctions for such a system must approach zero w x at the conical intersection 2 , a finding which may ) Corresponding author. Fax: q351-39-27703; e-mail: varandas@qtvsl.uc.pt have implications on the behavior of the derivative w x coupling terms at the conical intersection 2 . However, Mead's demonstration is based on a two-di-Ž . mensional 2D model analysis, a limitation which has been removed in the present work while using a relatively straightforward formalism.
Related to conical intersections are subtle complications arising in the adiabatic treatment of the nuclear motion, which are known as geometric phase Ž . w x Ž GP effects 11 also often called Bohm-Aharonov w x w x. effects 2 or Berry's phase effects 12,2 . Such complications stem in molecular dynamics from two w x topological theorems due to Longuet- Higgins 13 Ž . which state 1 that on going once around any closed Ž . path on the adiabatic PES that contains the conical intersection the electronic wavefunction changes sign Ž . and 2 that if a real adiabatic electronic wavefunction changes sign when a polyatomic traverses a one-dimensional closed loop on a 2D surface in the Ž . 3 N y 6 -dimensional nuclear configuration space, then the corresponding electronic state must become 0009-2614r00r$ -see front matter q 2000 Elsevier Science B.V. All rights reserved.
Ž . PII: S 0 0 0 9 -2 6 1 4 9 9 0 1 2 7 5 -0 ( )discontinuous and degenerate with another one at an odd number of points lying on that surface and within that loop. Indeed, ab initio electronic structure calculations have shown such theorems to hold, e.g., w x for LiNaK 14 , a system which has no permutational symmetry. Since the total electronuclear wavefunction must be well behaved, one has therefore to take GP effects into account when carrying out singlesurface calculations. Only in this case will the results satisfy the proper boundary conditions and hence the minimum requirement for comparison with experiment. Such an approach has been extensively explored recently, in particular by Kendrick concern only the f hyperangle. A similar approach w x has been advocated by us in previous studies 6, 8,9,1 . In this Letter, we discuss in detail the behavior of the nuclear wavefunctions for X systems in the the results with those reported previously by Mead w x 2 from his 2D model system. Section 2 presents a brief discussion on the reduction of the coupled equations, while the behavior of the nuclear wavefunctions in the vicinity of the conical interection will be discussed in Section 3. Conclusions are in Section 4.
Coupled equations and nonadiabatic coupling
Consider the dynamics of an X system in the Clearly, Q and Q form a basis for the E represen- Ý n n n where r and Q denote the sets of electronic and Ž . nuclear coordinates, respectively, and x r;Q is the n n-th member of the orthonormal set of eigenfunc-Ž . tions of the electronic Hamiltonian operator H r ,Q ; e note that such functions form a complete set in r for any value of the coordinates Q on which they have a parametric dependence.
Ž . Substitution of Eq. 2 into the full time-indepen-Ž dent Schrodinger equation relativistic effects arë . ignored yields
where m is the reduced mass of the three-particle ( ) system, C Q denotes a column vector whose com-Ž . ponents are the nuclear wavefunctions C Q , and n ( )( ) ( ) ( ) the matrix elements of F Q , G Q and V Q assume the form
with the integration referring only to the electronic Ž . degrees of freedom. Note that the set x r;Q may n be chosen for convenience. For example, in the adiabatic representation, they are taken as eigenfunctions of H for every Q, such that the coupling e Ž . between the different components of C Q is conn ( ) ( ) fined to F Q and G Q ; this is often referred to as the BO adiabatic approximation. Alternatively, the system of coupled differential equations can be simplified through the use of a new set of electronic wavefunctions f r;Q , which are obtained from for all m and n at any Q. This so-called adiabaticw x diabatic transformation 21 leads to the system of linear differential equations
the solution of which, as well as the conditions for having such a solution, has been a matter of discusw x sion over the years 22,2,23-25 . In the following, we will be concerned with just two electronic states, Ž . Ž . Ž . x r;Q and x r;Q , where q y stands for the q y Ž . upper lower sheet of the BO potential energy hypersurfaces, which are degenerate for r s 0.
Ž . w x Using the coordinates Q , r,w , one then has 7 z E E cos w y sin w E = s q cos w q sin w q Ž .
which, in the vicinity of the conical intersection, may be reduced to the simplified form cos w y sin w E = s . 1 1
Ž .
r Ew w x As pointed out long ago by Longuet-Higgins 26 , for r ™ 0, the electronic wavefunctions satisfy
Ž . which, after use of Eqs. 11 and 12 into Eq. 9 , leads to
Ew 2 Ž . where x and y refer to f and f in Eq. 7 . Thus, 
Ž . where the function f Q may not be single-valued; indeed, it may increase by a multiple of 2 p on traversing a closed path around the conical intersection. Thus, the adiabatic electronic wavefunctions can be made continuous and single-valued simply by w x multiplying them by a phase factor. One gets 27,28
Ž . which is equivalent to the transformation in Eq. 3
This implies that the solution of the resulting Schrodinger equation can be obtained by multiplying the original nuclear wavefunctions by a phase factor ( )w Ž .x exp yi f Q such as to leave the total wavefunction unchanged. A convenient choice for X molecules 3 Ž . with a D conical intersection is f Q s jwr2, 3 h where j is an integer. This approach has been shown to be particularly convenient when hyperspherical w x coordinates are used to include GP effects 18, 6, 8, 9 .
Ž . Note that in general f Q will be a function of all the w x nuclear degrees of freedom 15 . w x Finally, it has been shown 3 that in the BO approximation, the leading term of the nonadiabatic coupling assumes in the vicinity of the conical intersection the form
Ž .
qy qy qy
Ew r
Thus, it can be neglected only if the nuclear wavefunctions depend on r through a power of Õ greater than 1r2. This is due to the volume element which makes the integrand of the derivative coupling terms vary as A r 2 Õq1 . Thus, the condition 2 Õ q 1 ) 2 must be satisfied in order to neglect such coupling terms. As it will be shown later, such a requirement can be satisfied in most cases. Considering now Ž . G and G in Eq. 5 , the leading term of theseyy w x diagonal matrix elements has been shown 3 to assume in the vicinity of the conical intersection the form
Based on the above considerations, the coupled dif-Ž . ferential equations in Eq. 3 can be reduced near the crossing seam to two independent equations referring to the upper and lower sheets separately, namely
Ž . Given their similar forms, we can omit subscripts in the following discussion, which means that the discussion is valid both for the upper and lower adiabatic PESs.
Nuclear wavefunctions near the conical intersection
In the 3D space spanned by such a system of spherical coordinates, the Hamiltonian assumes the form 
Ž .
Thus, the vibrational wave equation, Eq. 21 or its equivalent for the upper sheet, will be given by
yV V r ,u ,w C r,u ,w s 0 . 23
Moreover, in the vicinity of the conical intersection, w x the potential energy can be shown 3 to assume a separable form with its leading term depending on r alone. Separation of variables can then be obtained by writing the nuclear vibrational wavefunction as C s R r Q u F w , 2 4 Ž . Ž . Ž . Ž . q m F w s 0 , 25 
Assuming further that the solutions have the form
Ž . 
Assuming next that the polynomials break-off at k Ž . c j i.e., c s 0 , where k is an integer or zero,
< < Setting now l s k q m as an integer, which includes zero in the NGP case, or a half-integer in the GP case, one obtains l s l lq 1 . 37
Thus, we may think of l as an orbital angular momentum quantum number; note that l has a meanw x Ž . ing similar to n in Ref. 1 . Furthermore, Eq. 29 is u seen to be the Legendre equation, which has the well-established associated Legendre polynomials < m < Ž . P cos u as solutions. 
y´q V V rR r Ž . Ž . 
Assume then that the potential has in the vicinity of the conical intersection the general form
where for convenience we have chosen the reference Ž c s 0, and c s 1 note that such a form is applica- Ž .
r™C learly, the nuclear wavefunction decays quicker Ž< <. with increasing energy E for bound vibrational states. For resonance states, E will take complex Ž . values and hence the decay in Eq. 42 will display an oscillatory behavior. In turn, for scattering states one has E ) 0, and hence the nuclear wavefunction will oscillate.
Ž . In the limit of r ™ 0, Eq. 38 assumes the form Ž . Ž . since V V r ™ 0. Eq. 43 has, in the limit of r ™ 0, a behavior identical to the Bessel equation 2 2
Thus, it has the asymptotic solutions Thus, for the NGP case, Õ s , , , PPP correspond-
ing to l s 0,1,2, PPP . In turn for the GP case, one 1 3 5 has Õ s 1,2,3, PPP corresponding to l s , , , PPP . Thus, all values of Õ are greater than 1r2 except for Õ s 1r2 in the NGP case. The off-diagonal coupling term can therefore be removed as pointed out in Section 2. For l s 0, we must therefore consider such coupling term. Note that the quantum number Õ w x has now a meaning similar to n in Ref. 1 
Consider then the asymptotic behavior of F r . In the vicinity of the conical intersection r ™ 0, and Ž . hence Eq. 48 assumes the form
which has the asymptotic solutions
Ž . Ž .
Ž . . Thus, F r approaches unity both in the limits r ™ 0 and r ™`.
For the GP case, the nuclear wavefunction assumes therefore the form C r,u ,w Ž .
In turn, for the NGP case, one has l s k q 0,k q 1,k q 2, PPP m s 0," 1, PPP 56 Ž .
where, as usual, N is a normalization factor. Thus, since in the GP case l is a half-integer and Õ is a positive interger, one gets lim C r,u ,w ™ 0 . 57
Ž . Similarly, for the NGP, one obtains Eq. 57 . In these cases, the centrifugal potential including that due to G or G terms prevents the nuclearyy wavefunction from penetrating in the vicinity of the conical intersection. In fact, this appears to be the case for the ground state of Li , as shown in Fig. 2   3 and Fig. 3 ; these illustrate the corresponding NGP < < 2 and GP nuclear probability densities C , which have been calculated using hyperspherical coordiw x nates 8 . Specifically, they show the four lowest vibrational states which are labeled by their permutational symmetries A , A and E in S S permutation 1 2 3 group and by the set of vibrational quantum numbers Ž . Õ ,Õ ,Õ in the C point group, where Õ , Õ , and
Õ are associated to the symmetric stretching, bend-3 w x ing, and asymmetric stretching vibrational modes 8 . Note that the conical intersection is located at the centre of the plot. Clearly, the nuclear wavefunctions approach zero at the conical intersection in all cases. Although in the NGP case with l s 0 there is not an intrinsic centrifugal potential barrier, the potential due to G or G will play that role by preventqq yy w x Ž . ing the nuclear wavefunction from penetrating in the vicinity of the conical intersection. However, as we have mentioned before, the coupling terms corresponding to the operator C have a non-zero value qy in this case, and hence a two-state calculation must be considered.
To conclude, our results may be compared with w x the approximate 2D solutions reported by Mead 2 ,  Ž . 2 4 Clearly, Mead's asymptotic wavefunction approaches zero slower than ours probably due to Ž having considered only a 2D treatment note also . that it does not change sign when w ™ w q 2 p . This is illustrated by the values given in Table 1 . Indeed, the rates of decrease differ marginally from X Ž Mead's ones, especially for large values of Õ dew x. noted n in Ref. 2 where these approach our values of Õ. It seems therefore that the quantum numbers are exact only in the 3D treatment of the present work.
Closing remarks
We have analyzed the behavior of the nuclear wavefunction in the vicinity of the conical intersection which arises at equilateral triangle configurations for homonuclear triatomic systems. It has been found that, in the vicinity of the equilibrium configuration, the motion of the nuclei can be described by the quantum numbers n s l and n s m and also by u w the quantum number n s Õ. The set of quantum r Ž . numbers n ,n has been shown to take half-integer u w values in the GP case while assuming integer or zero values for the NGP one. Moreover, the quantum number n has been shown to assume integer values r in the GP case while being half-integer in the NGP case. Since our derivation is more general than the w x one given by Mead 2 , we have obtained a set of exact quantum numbers to quantize the motion in such regions while in his case the quantum number associated to the r coordinate is only approximate. It has also been shown that the nuclear wavefunctions approach zero, both in the NGP and GP cases.
